We study in detail the degeneration of K3 to T 4 /Z 2 . We obtain an explicit embedding of the lattice of collapsed cycles of T 4 /Z 2 into the lattice of integral cycles of K3 in two different ways. Our first method exploits the duality to the heterotic string on T 3 . This allows us to describe the degeneration in terms of Wilson lines.
Introduction
In the study of string-theory compactifications, the geometric understanding of the cycle structure of complex manifold plays a central role. Examples are F-theory models with fluxes (see e.g. [1] for a review and [2] [3] [4] [5] [6] [7] [8] [9] [10] for recent work) and blow-ups of heterotic orbifolds (see e.g. [11] [12] [13] [14] [15] ). One of the simplest relevant geometries, which may also play a role as a building block in more complex models, is the K3 surface [16] [17] [18] .
Shrinking sixteen two-spheres in K3, the surface develops sixteen A 1 singularities. This corresponds to the T 4 /Z 2 orbifold limit. To describe this degeneration in detail, we need to know which two-spheres shrink. The answer to this question represents our central result:
We construct an embedding of the cycles of T 4 /Z 2 , including the lattice A also allows for a rather intuitive understanding of the cycle structure and certain regions of the moduli space of K3, which is based on the possibility to visualize T 4 /Z 2 using a four-dimensional hypercube. Furthermore, we are interested in the action of the Enriques involution 1 on elliptic K3
surfaces, especially its compatibility with the description of K3 by a Weierstrass model.
The Weierstrass model is of particular interest as it is commonly used in the context of F-theory [21, 22] . It is known that T 4 /Z 2 allows an Enriques involution [23] . Using the results of the first part of this paper, we show how to deform T 4 /Z 2 to a K3 given by the standard Weierstrass form. It turns out that this deformation is not consistent with the holomorphicity of the Enriques involution, the obstacle being the single distinguished section of the Weierstrass model 2 . This problem does not arise for elliptic K3 surfaces that are given in non-standard Weierstrass form, e.g. one with two distinguished sections [24, 25] .
In the F-theory limit, however, also the usual Weierstrass form becomes symmetric under the Enriques involution. This paper is organized as follows:
In Sects. 2 and 3, we explicitly work out the equivalence between the resolution of singularities of K3 and Wilson line breaking of E 8 × E 8 . In particular, we show that the relevant breaking of E 8 to SU (2) 8 is highly symmetric: It is achieved by three Wilson lines which are all equivalent through automorphisms of the E 8 lattice. Sect. 4 combines the results of the previous two sections and identifies the integral cycles of K3 which shrink to produce the sixteen A 1 singularities. Furthermore, we reproduce the known action of the Enriques involution on T 4 /Z 2 [23] from its action on H 2 (K3, Z) as given in the mathematics literature [19] .
In Sect. 5, we describe K3 and in particular T 4 /Z 2 as a double cover of P 1 × P 1 . This description nicely displays holomorphic sections and shows which of the singularities they hit. We then construct the full lattice H 2 (K3, Z) in a blow-up of T 4 /Z 2 in Sect. 5.1. Our starting point are the six even cycles of T 4 and the sixteen exceptional divisors emerging in the blow-up of the singularities. While these cycles span H 2 (K3, R) as a real vector space, they do not form an integral basis of H 2 (K3, Z). We construct the extra integral cycles which complete the lattice U(2)
to U ⊕3 ⊕ (−E 8 ) ⊕2 . The structure of this complete lattice can be nicely displayed in terms of a four-dimensional cube. This provides an intuitive geometrical picture of the cycles of K3.
We demonstrate the equivalence between the two embeddings of A ⊕16 1
into Γ 3,19 in Sect. 5.2 by finding an explicit map between them.
In Sect. 6 we relate the action of the Enriques involution on T 4 /Z 2 to its action on the lattice of integral cycles of K3. We proceed by showing that elliptic K3 surfaces described by the standard Weierstrass model do not allow an Enriques involution. It turns out that the Enriques involution requires the existence of at least two holomorphic sections (which are mapped to each other). In Sect. 7 we finally discuss the F-theory limit of T 4 /Z 2 and of elliptic K3s described by a Weierstrass model with one or two distinguished sections. Even though these spaces are different and correspond to different M-theory compactifications, they yield equivalent models in the F-theory limit in which the fibre of the elliptic fibrations is collapsed 3 . This means in particular that in this limit the standard Weierstrass model becomes symmetric under the Enriques involution. The structure of this basis is encoded in the Dynkin diagram of E 8 . The extended Dynkin diagram is obtained by adding the (linearly dependent and thus non-simple) highest root [28] (see Fig. 1 ).
The coefficients in this expansion are known as the Coxeter labels.
The reflections in the hyperplanes orthogonal to the 240 roots are symmetries of the E 8 root lattice and generate the Weyl group of type E 8 . Its order is given by 4! · 6! · 8! = 696729600 [27] . 
In gauge field theories based on a certain group, the symmetry can be broken by introducing Wilson lines associated with non-contractible loops of the underlying space-time geometry. This is in one-to-one correspondence with Dynkin's method for finding maximal subgroups by deleting nodes in the extended Dynkin diagram.
The action of a Wilson line in E 8 (viewed as a vector in R 8 ) on a root α is
To find the sublattice of E 8 which corresponds to deleting a simple root α i , we choose a Wilson line W satisfying (see, e.g., [29, 30] )
Requiring this transformation to be a symmetry of the root lattice, we are left with the sublattice of roots satisfying α · W ∈ Z [31, 32] . In the following we will show that
Kähler form j and a holomorphic two-form ω for the K3 surface specified by Σ are then given by j = 2 · Vol(K3) · ω 3 and ω = ω 1 + iω 2 , respectively 7 .
The roots of Γ 3, 19 are defined as the elements of H 2 (K3, Z) with self-intersection −2. If a root becomes orthogonal to Σ, the K3 surface develops a singularity since the corresponding 2-cycle shrinks 8 .
For example, a C 2 /Z 2 singularity (also called A 1 singularity) arises if a single root shrinks. In general, the singularities which can occur are of A-D-E type and are specified by the simple roots in the orthogonal complement of Σ. The intersection matrix of the cycles corresponding to these roots can be shown to always be minus the Cartan matrix of some A-D-E group [16, 19] . This group uniquely determines the A-D-E-type singularity of the K3 surface given by Σ. The E 8 ×E 8 point in moduli space is realized when Σ is located in the U ⊕3 block spanned by e i , e i (i = 1, 2, 3) 9 . Rotating the plane into the E 8 × E 8 block changes the singularity and eventually gives rise to a smooth K3. Singularities which may still be present after this rotation correspond to subgroups of E 8 × E 8 . As we explain in detail in the following, one can relate the symmetry breaking by Wilson lines described in Sect. 2 to the rotation of the Σ plane in H 2 (K3, R).
We first consider the rotation of Σ from a point with E 8 ×E 8 singularity to a point with D 8 × E 8 singularity. The Wilson line that realizes this breaking is W I = (1, 0, 0, 0, 0, 0, 0, 0) (see Sect. 2). This identifies a vector W = W I E I = (1, 0, 0, 0, 0, 0, 0, 0) in the subspace of H 2 (K3, R) that corresponds to the first E 8 block in (8) 
For a generic position of Σ in this six dimensional space and for generic values of β, the lattice Λ orthogonal to Σ is of the type D 7 × E 8 .
10 Reinterpreting (1) as a set of simple roots of Γ E 8 ×E 8 , this can be understood from the fact that the cycle corresponding to α 1 as well as the cycle corresponding to the highest root (2) acquire finite volume. For β = 1, we 7 Here and below, we use the same character for a 2-form, its associated cohomology class and its Poincaré-dual 2-cycle. 8 The volume of a 2-cycle γ is proportional to its projection on Σ. 
The 2-cycles of T 4 are all even with respect to Z 2 and survive the orbifolding. An integral basis is given by the six 2-tori π ij corresponding to the x i -x j -plane. Their intersection numbers are
The corresponding Poincaré-dual 2-forms are
As we will see in more details later, blowing up the 16 A 1 singularities of T 4 /Z 2 gives rise to 16 P 1 s. They are orthogonal with respect to each other and to the torus-cycles π ij . There is a natural choice of complex structure on T 4 /Z 2 : z 1 = x 1 + τ 1 x 4 and z 2 = x 2 + τ 2 x 3 12 .
11 This corresponds to gauge enhancement SO(16) × E 8 in M-theory. 12 The natural expressions for the Kähler form j and the holomorphic two-form ω are then ω = dz 1 ∧ dz 2 and j = a 1 dz 1 ∧dz 1 + a 2 dz 2 ∧dz 2 + Re[b dz 1 ∧z 2 ], where a 1 , a 2 ∈ R and b ∈ C. In terms of the Poincare-dual of the integral cycles π ij , we have It is well known that some K3 surfaces, including T 4 /Z 2 , allow a fixed-point free involution ϑ yielding an Enriques surface 13 . The action of ϑ on T 4 /Z 2 is given by [23] ϑ :
Hence, π 14 and π 23 are even under ϑ, while π 12 , π 34 , π 13 and π 42 are odd. From (11) Fig. 4 ):
where we
13 Nikulin classified all involutions of K3 reversing the sign of ω [34] and found that they can be labeled by three integers (r, a, δ). Only one involution in this classification, (10, 10, 0) ≡ ϑ, has no fixed points.
On the basis of (6), we choose the following Wilson-line vectors in Γ E 8 ×E 8 (The signs between the two E 8 factors will be justified in a moment by the properties of the K3 lattice under the Enriques involution):
We start with Σ living in the 4, 6, 7, 8, 12, 15, 16, 18, 19, 20, 24 , and γ ′ i , i = 9, 10, 21, 22, remain orthogonal to Σ. Out of the roots in (16), however, we can take those that have an integer product with W 2 and construct the four further shrunk cycles
A set of simple roots for the orthogonal lattice Λ is given by {γ i } i=3, 4, 6, 7, 8, 15, 16, 18, 19, 20 and {γ 
To sum up, following the procedure outlined in the last section, we found that K3 can degenerate to T 4 /Z 2 if Σ is orthogonal to
This set of cycles provides a primitive embedding of the A The lattice orthogonal to the shrunk cycles Υ is given by integral combinations of the following six cycles:
The 3-plane Σ lives in the subspace of H 2 (K3, R) spanned by these vectors so that the cycles in Υ in general have finite size. We want to identify this lattice with the T 4 /Z 2 lattice made up of the π ij . We will use the transformation properties of the torus-cycles π ij under ϑ to identify them with elements of Υ.
Previously we have seen that the Enriques involution must map the singularities of T 4 /Z 2 to each other in pairs. We hence expect that the cycles on the left column in (21) are mapped to the cycles on the right one. Up to automorphism of Γ 3,19 , the Enriques involution ϑ acts on the K3 lattice by interchanging the two E 8 as well as the two U-blocks, and as −1 on the remaining Ublock [19] (see also [25] ):
If we setê i = e i and apply the transformation (23) to the 16 cycles in (21), we do not obtain what we expect, i.e. that the 8 cycles in the left column in (21) are mapped to the ones in the right column. To get this result, we need an Enriques involution such that thê e i have definite parity. A sensible identification is thus 14 e 1 = e 1ê2 = e 2 − e 3ê3 = e 2 + e 3ê1 = e 1ê2 = e 2ê3 = e 3 .
Hence, the basis (22) of Υ becomes
Note that the set of vectors (21) 
One can check that this is an integral basis of Υ. The first two lines of (26) give two U(2) blocks odd under ϑ, while the last line gives a U(2) block even under ϑ. /Z 2 as a double cover of
In this section, we are going to study the connection of T 4 /Z 2 with a smooth K3 from a geometric perspective. We show how to find the lattice
It is well-known that one can construct a smooth K3 as a double cover [19, 22] over 14 One can check that this transformation provides an automorphism of the lattice Γ 3,19 .
15 The matrix U (2) is equal to 0 2 2 0 . Figure 5: The elliptic fibration T 4 /Z 2 → B = T 2 /Z 2 , has four singular fibres. Upon circling one of them, the fibre torus undergoes an involution ι. Thus any section B ֒→ T 4 /Z 2 has to pass through four singularities.
branched along a curve of bidegree (4, 4):
There are two algebraic cycles, each given by fixing a point on one of the P 1 s. We call the associated Divisors D x and D z . The corresponding curves are tori and represent the generic fibres of two different elliptic fibrations of the K3 surface given by (27) . As (27) gives two values of y for a generic point on
Let us choose a particular form for h (4, 4) :
For ease of exposition we have introduced the inhomogeneous coordinates x, y, z. The surface defined by (28) is easily recognized as T 4 /Z 2 , as we explain in following: In the vicinity of the points (y, x, z) = (0, x k , z h ), it is given by y 2 = xz, i.e. it has sixteen A 1 singularities. Let us now describe this surface as an elliptic fibration. We project to the coordinate x, so that each fibre torus is given by (28) with x fixed. The complex structure of the fibre torus is given by the ratios of the branch points z k . As these do not depend on x, the complex structure of the fibre is constant. Over the four points in the base where x = x k , we have y = 0, so that the fibre is P 1 instead of T 2 , see lying at the fixed loci of the orbifold action [35] . We can understand how these sections arise in T 4 /Z 2 . Fixing a projection, we have to give a point in the fibre for every point of the base in a smooth manner. As the fibre undergoes an involution when one surrounds one of the x k in the base, the sections have to pass through one of the fixed points of this involution in the fibre. Again, not all of the sections that can be seen this way in T 4 /Z 2 can be described algebraically in (28) .
We label the sections σ 
As the intersections occur away from the singularities, (29) will persist in a desingularized
One way to visualize the geometry of T 4 /Z 2 is presented in Fig. 6 . It will be frequently used in the rest of this paper. At present, it serves to determine which singularities are met by which σ k ij in the given labeling.
Divisors and cycles in the blow-up of T
If we blow-up the sixteen A 1 singularities of T 4 /Z 2 , we introduce sixteen exceptional divisors C λ which satisfy C λ · C η = −2δ λη . Naively, one would guess that the lattice of integral cycles of the blow-up of T 4 /Z 2 is thus given by A should be a smooth K3 surface, which has U ⊕3 ⊕ (−E 8 ) ⊕2 as its lattice of integral cycles. 
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Figure 6: The set of sections σ k ij and the A 1 singularities can be displayed as the twodimensional faces and nodes of a four-dimensional hypercube. We picture this cube as two cubes of lower dimension whose nodes are connected as shown in the picture. We have numbered the four directions and the sixteen nodes, so that this figure can be used to determine which section meets which singularities.
The extra integral cycles are given by the preimages of the sections in the blow-up 17 .
To blow-up an A 1 singularity (locally given by y 2 = xz in C 3 ) one introduces an extra P 2 with homogeneous coordinates ξ i and considers the set of equations (see e.g. [36] )
in
The exceptional curve C is a P 1 given by
Its self-intersection is C · C = −2.
The sections σ are locally given by y = x = 0. In the blown up space C 3 × P 2 they are sitting at x = y = 0,
This shows that the σ k ij lead to smooth curves in the blown-up space. We furthermore deduce that the σ intersect only those exceptional divisors that emerge at the four singularities they meet in T 4 /Z 2 before the blow-up. The even cycles of T 4 , π ij , are left completely unperturbed by the blow-up and cannot intersect any of the exceptional divisors. We thus find the following intersections in the smooth K3:
The index sets I k jl can e.g. be determined from Fig. 6 (remember that the σ k jl correspond to the faces of the hypercube). As we know that the second homology of K3 is 22-dimensional and the cycles C λ and π ml are independent, it is clear that we can use them as a basis for H 2 (K3, R). Thus there exists an expansion of the cycles σ k jl in terms of this basis. Using the intersection numbers (34), we conclude that
Before, we have shown that the σ k ij are in fact elements of the integral homology of the smooth, blown-up K3. On the other hand we see from (35) that they are not integral combinations of the π ij and C λ . This tells us that the lattice of integral cycles consists of many more elements than the ones in A 
⊕ U(2)
⊕3 : it must also contain all elements of the form (35) . It can moreover be shown that out of the σ k ij and C λ one can construct a basis of integral cycles that has an intersection matrix with determinant minus one. As all self-intersections are even numbers, we have thus constructed an even unimodular lattice of signature (3, 19) . This lattice must be Γ 3,19 = U ⊕3 ⊕ (−E 8 ) ⊕2 , the lattice of integral cycles of K3 [27] .
Note that the symmetries of T 4 /Z 2 are manifest in our construction. They simply correspond to a relabeling of or a reflection along one of the four directions of the cube in Fig. 6 . A similar construction of Γ 3,19 = H 2 (K3, Z) has recently been discussed in [37] . There it is exploited that H 2 (K3, Z) must be an unimodular lattice. This property of H 2 (K3, Z) is used to systematically enlarge U(2) ⊕3 ⊕ A to Γ 3,19 . Related discussions of how to find integral cycles after blowing up singularities appear in [35] in the context of type IIB compactifications and in [11] in the context of heterotic orbifolds (see also [12] [13] [14] [15] ).
Juxtaposition
In the first part of this section, we have given a detailed description of the six finite size cycles of T 4 /Z 2 and of its collapsed cycles. We have then identified them with holomorphic cycles in an algebraic model. Using the results of Sect. 4, we are able to match these cycles 18 This expression is consistent with those of the intersections between the σ k ij that can be checked algebraically: If two faces do not meet at all, their intersection number is clearly zero both algebraically and by (35) . If they have one node in common, their intersection number is still zero from (35) . This agrees with the algebraic model where one can check that these two cycles miss each other in the blown-up K3. If two sections have two nodes in common, they can not be represented by algebraic subvarieties of (28) . In this situation (35) determines their mutual intersection to be unity.
with the conventionally labelled K3 lattice of Sect. 3 19 
:
The six torus cycles π ij are: 
with
The exceptional cycles C λ are identified with the cycles in (21): 
A non-trivial check of the identifications made above is to use (9) to show that all of the σ k ij as given in (35) are indeed elements of the K3 lattice. The results are collected in the appendix.
We can now easily write down the roots of E 8 × E 8 and the basis vectors e i , e i of the three hyperbolic lattices in terms of the integral cycles we have found in the blow-up. In terms of the standard labeling, they are given by 1 : 1 2
19 This shows that the embedding of A ⊕16 1 ⊂ H 2 (K3, Z) obtained in the first half of this paper is identical with the embedding of the C λ that is implicit from the last section.
for the first E 8 and by 
The Enriques involution
In this section we will describe the Enriques involution in detail. Let us first determine its action on the sixteen A 1 singularities and the corresponding exceptional divisors from its action on H 2 (K3, Z) [19, 25] :
From (37) we see that C λ ↔ C λ+8 . Considering Fig. 6 , this means that the singularities are exchanged along the 3-4-directions. This can be reproduced from the action of the Enriques involution on T 4 /Z 2 , see (15) . We can also see the same behavior in the description of lattice as
The Enriques involution acts by exchanging them pairwise. This implies that the resulting Enriques surface is elliptically fibred with a two-section, i.e.B ·F = 2. This result is expected from the general theory of Enriques surfaces [19] . Note that the pairwise exchange of the sections under the Enriques involution can also be seen from (28).
The standard Weierstrass model
We now want to make contact with a Weierstrass model with constant τ . It takes the form [38] , which is then identified withσ. In this figure we display singularities and collapsed cycles in white and cycles of finite size in light grey. In the lower part of the figure we have drawn the intersection pattern between the cycles in a diagrammatic fashion. After the F ′ component of the singular fibre is blown down and the A 1 singularity hit by the section is blown up, the collapsed cycles intersect according to the Dynkin diagram of SO (8), so that this operation produces a D 4 singularity.
Here γ i and α i are complex constants and h is a homogeneous polynomial of the base coordinates of degree 4. Contrary to T 4 /Z 2 , the surface described by this equation has four D 4 singularities. There are three sections given by y = 0, x = γ i z 2 h that pass through the four D 4 singularities at y = x = h = 0. The fourth section at x 3 = y 2 , z = 0 does not hit any singularity. This section is a special feature of the Weierstrass model and we will denote it byσ in the following. From what we have said, it is clear that T 4 /Z 2 cannot be described by a Weierstrass model. In fact, the sectionσ must be orthogonal to all shrinking cycles, and then, for T 4 /Z 2 it should belong to Υ (see (26) ). But this is not possible, since this is a lattice with all intersection numbers being even, and the sectionσ should have intersection one with the fibre. Intuitively, there is an obvious way how to get from T 4 /Z 2 to an elliptic K3 described by (43) . First, we choose one of the sections of T 4 /Z 2 , say σ 14 , that is to becomeσ. We then blow up the singularities which are hit by this section while blowing down the finite-size components F ′ of the four singular fibres. We have depicted this deformation in Fig. 8 . The section σ 2 14 , which is now identified withσ, no longer intersects any singularities and the lattice of collapsed cycles is exactly D This is what prevents the Enriques involution from acting on an elliptic K3 described by a Weierstrass model like (43) .
We can make this more precise using our description of T 4 /Z 2 as a point in the moduli space of K3, that is, the position of the 3-plane Σ with respect to the K3 lattice of integral cycles. The prescription that comes from the previous consideration is that one has to move the plane Σ such that the cycles intersecting the section σ The four sets of cycles that intersect as in Fig. 8 are:
Before rotating Σ, the cycles C λ are shrunk, while the F 1, 2, 3, 5, 6, 8, 9, 10, 12, 13, 14, 15 ). The latter is generated by:
These integral cycles generate the lattice contained in this subspace and have intersection
20 The corresponding embedding of the D
⊕4
4 lattice in the K3 lattice is equivalent (i.e. connected by an automorphism of the K3 lattice) to the one given in [39] .
To specify a complex structure compatible with the Enriques involution, we have to choose ω as a linear combination of the odd cycles in (44) and j as a linear combination of the even cycles in (44) . As π 23 is the only even cycle, j must be proportional to it. This, however, violates the requirement j · j > 0.
We can also see the clash between the Weierstrass model description and the Enriques involution from a different perspective. We start with the 3-plane Σ in the lattice Υ (see (26) ). Since we want a complex structure compatible with a holomorphic Enriques involution, we take ω in the odd subspace of Υ. We now try to make the rotation to an SO (8) (46), we can find a section that does not meet any singularities, e.g. e 2 − (e 2 + e 3 ).
However, there exists no choice for ω such that ω is odd and orthogonal to this section at the same time. In fact, these two conditions require ω to live in a subspace with degenerate metric, as can be seen by looking back at (46) . The complex structure that is demanded by the holomorphicity of the sectionσ and the complex structure demanded by the Enriques involution are not compatible. singularity. They have different behavior with respect to the Enriques involution: In the first case, we destroy the symmetry. In the second case, the symmetry is preserved, but there is no choice of complex structure that both admits a holomorphic section (which does not hit the singularities) and makes the Enriques involution holomorphic.
A symmetric Weierstrass model
In the standard Weierstrass model description, in which the fibre is embedded as a hypersurface in P 1,2,3 , one always has one sectionσ. By embedding the fibre in other spaces, it is possible to obtain elliptic K3 surfaces with two or more sections [24, 25] . In particular, it is known that embedding the fibre in P 1,1,2 yields an elliptic K3 with two sections which are permuted under the Enriques involution [25] . This elliptic K3 is given by an equation of the form
The Z 2 transformation (y, x, z) → (−y, x, −z) together with a holomorphic involution of the P 1 base has no fixed points and projects out the holomorphic two-form, so that it provides an Enriques involution of K3. The two holomorphic sectionsσ 1 ,σ 2 are given by z = 0, y = ±x 2 and are permuted under the Enriques involution. The j-function of this fibration is given by [25] :
(48)
Let us discuss the limit in which the complex structure of the fibre is constant. To achieve this, we take f 8 = f 
Thus there are four A 3 singularities at the four points f 4 = x = y = 0. Let us find this configuration by deforming T 4 /Z 2 . The strategy is similar to that employed for the deformation of T 4 /Z 2 to a D ⊕4 4 configuration. In order to get two sections that do not hit any singularities and that are interchanged by the Enriques involution we have to blow up C λ , λ = 3, 4, 7, 8, 11, 12, 15, 16 . At the same time we shrink the cycles σ k 23 to produce four A 3 singularities, see Fig. 9 .
This can be realized by
22 Note that this is a bijective map between the coordinates y, x, f 4 and y, x, f ′ 4 . 23 We have chosen j and ω in a six-dimensional subspace of the 10-dimensional space orthogonal to the 12 A ⊕4 3 cycles. The lattice of cycles orthogonal to a generic Σ, i.e. orthogonal to the six basis cycles of (50), then has a dimension which is bigger than 12. By examining this lattice, one can check that in spite of this the singularity is still A 
F-theory Limit
There is more than one way to construct an elliptic Calabi-Yau (n+1)-fold that describes a type IIB orientifold compactification on a Calabi-Yau n-fold CY n with D7-charge cancelled locally 24 . The examples we discuss here fall into two classes:
1. Weierstrass models with constant τ .
2. Fourfolds (CY n × T 2 )/Z 2 , where the Z 2 acts as an orientifold involution on CY n and inverts the complex coordinate z of T 2 , see e.g [42] .
The corresponding M-theory backgrounds are different. It is only in the F-theory limit that they are dual to the same type IIB background. We will illustrate this fact for the simple examples described in this paper and consider an elliptically fibred Calabi-Yau two-fold, i.e. K3, whose fibre has a constant complex structure. We consider two different types of Weierstrass models with constant τ and the T 4 /Z 2 limit of K3:
• An elliptically fibred K3 with one distinguished section. There are four points on the base P 1 where the 2-fold develops a D 4 singularity. The cycles corresponding to fibre and section are F = π 23 andσ = σ 2 14 . The Kähler form and the complex structure live in the space (44) . They can be chosen as 25 :
This point in moduli space is the one reached from T 4 /Z 2 by the rotation of j described in Sect. 6.1.
• An elliptically fibred K3 with two distinguished sections. Again there are four points on the base where the two-fold develops a singularity. This time, however, this is an A 3 singularity, as described in Sect. 6.2. The Kähler form and the complex structure can be given by
(52)
• The space (T 2 × T 2 )/Z 2 , i.e. the T 4 /Z 2 limit of K3. This manifold has 16 A 1 singularities. One choice for the Kähler form and the complex structure is
We notice that the only difference between the three cases is the expression for the Kähler form j.
Compactifying M-theory on these manifolds gives different 7-dimensional spectra, as all three have different singularities. In particular, we obtain the gauge groups SO (8 Let us have a more detailed look at the F-theory limit from the M-theory perspective,
i.e., we send the fibre size to zero and see how the Kähler form and the complex structure behave.
• In the first case the F-theory limit is described in [43] : since the fibre F is orthogonal to ω, its size is given by
This vanishes in the F-theory limit f → 0, and the Kähler form becomes j → b π 23 .
Note that we find some further shrinking cycles in this limit: C 4 , C 7 , C 11 , C 16 only have a finite size due to their intersection with σ 2 14 in j. Letting f → 0 they collapse so that the intersection pattern of shrunk cycles is now four times the extended Dynkin diagram of SO (8) . This is expected from a general perspective: The component of the fibre that has finite size and the four associated collapsed cycles have the extended Dynkin diagram of SO(8) as their intersection pattern (see Fig. 8 ). Their sum, i.e the singular fibre, is homologous to the generic fibre, see e.g. (35) . Sending the volume of the generic fibre to zero, all five cycles have to collapse.
• The second case differs only through the term proportional to f in the Kähler form j.
In the limit f → 0 we thus reach the same point in the moduli space of K3.
• The same happens for T 4 /Z 2 . Our choice of j and ω has of course been completely arbitrary. Using Fig. 6 , we can easily discuss the most general case: j is then given as j = f π ij + b π ml ,
with four different indices i, j, m, l. The holomorphic two-form ω lives in the space spanned by the π pq that have zero intersection with the Kähler form (55). Besides the sixteen cycles C λ we find that all of the four σ k ml (with k = 1, ..., 4) are collapsed 26 The deformations of j inside the SO(8) cycles are mapped to the 8th component of the type IIB vectors (see [44] for details).
when f → 0. Theses 20 cycles intersect precisely according to the extended Dynkin diagram of SO (8) ⊕4 , as expected.
We have found a geometric realization of the result in [43] : deforming j does not alter the point in moduli space reached in the F-theory limit: It sets to zero all components of j except the fibre. If we have multiple sections, they collapse to a single one in the F-theory limit.
We also found an important result: Before the F-theory limit, the Enriques involution is consistent only with T 4 /Z 2 and the symmetric Weierstrass model. In the F-theory limit the Enriques involution is also consistent with the standard Weierstrass model.
Conclusions and Outlook
In this note we have obtained an explicit embedding of the lattice of cycles that are collapsed when K3 degenerates to T 4 /Z 2 in H 2 (K3, Z). This embedding leads to a highly symmetric representation of H 2 (K3, Z).
We have shown geometrically that T 4 /Z 2 and the two Weierstrass-model K3s discussed in this paper are equivalent in the F-theory limit. Away from that limit, their crucial difference lies in the structure of their sections. In the case of an elliptic K3 described by a standard Weierstrass model, the presence of the distinguished sectionσ is inconsistent with the Enriques involution (except in the F-theory limit).
As an application of our detailed description of the Enriques involution we envisage the generalization of the flux-stabilization analyses on K3 × K3 [43, [45] [46] [47] [48] to (K3 × K3)/Z E 2 . Here we assume that Z E 2 acts as an Enriques involution on one K3 and as a generic holomorphic (not necessarily fixed-point-free) involution on the other K3. As we have shown, we cannot use the standard Weierstrass model description for K3 as long as we are not in F-theory limit. Our results show that this does not represent a problem: as long as we make sure that ω → −ω under the Enriques involution, j will become symmetric in the F-theory limit. Furthermore, in this limit the standard Weierstrass model description is equivalent to other descriptions which stay symmetric also for finite fibre volume. 
